A search for sub-eV scalar fields coupling to two photons has been performed via four-wave mixing at a quasi-parallel laser collider for the first time. The experiment demonstrates the novel approach to search for resonantly produced sub-eV scalar fields by combining two-color laser fields in the vacuum. The aim of this paper is to provide the concrete experimental setup and the analysis method based on specific combinations of polarization states between incoming and outgoing photons, which is extendable to higher intensity laser systems operated at high repetition rates.
I. INTRODUCTION
A large fraction of dark components in the universe motivates us to search for yet undiscovered fields to naturally interpret the relevant observations. In high energy scales, several bosons have been discovered, which can be understood as a result of spontaneous symmetry breaking such as pions based on chiral symmetry at the 0.1GeV scale and W/Z bosons based on gauge symmetry via the Higgs mechanism at the 100GeV scale. The relevant experimental results show the evidence of coupling to two-photons of boson states, for instance, via the decay process of the neutral pion and the Higgs-like particle. These facts encourage further experimental searches for similar type of fields via two-photon coupling in very different energy scales even apart from any theoretical speculations. In addition, there are actually theoretical rationales to expect sub-eV particles such as the axion (pseudoscalar boson) [1] and the dilaton (scalar boson) [2] associated with breaking of fundamental symmetries in the context of particle physics and cosmology. Therefore, we are led to probe such fields via their coupling to two-photons in the sub-eV mass range. Furthermore, the advent of highintensity laser systems and the rapid leap of the intensity encourage the approach to probe weakly coupling dark fields with optical photons by the enhanced luminosity factor [3, 4] .
We advocated the concept of the quasi-parallel laser collider to produce a resonance state of a hypothetical boson in the sub-eV mass range and simultaneously induce the decay in the background of a coherent laser field [5] [6] [7] . The exchange of such a low-mass field is interpreted as the four-wave mixing process in the vacuum. Figure 1 illustrates the four-wave mixing process where two photons with the degenerate energy ω are used for the resonance production and the inducing laser field has the energy uω with 0 < u < 1, and a photon with the energy (2 − u)ω is created as the signature of the interaction. This four-wave mixing process is well-known in quantum optics [8, 9] , where atomic dynamics governs the phenomenon instead of the exchange of the hypothetical resonance state, and the application to test the higher-order QED effect can also be found in Ref. [10] . We identify this wave mixing system as a special kind of photon-photon colliders intentionally, whose significant advantage is that the interaction rate has cubic dependence on the laser intensity, while the conventional particle colliders have quadratic dependence on the number of charged particles per colliding bunch [7] . The cubic dependence of the interaction rate highly motivates us to extend the method to much higher pulse energy and higher-intensity laser systems.
FIG. 1: Quasi parallel colliding system (QPS) between two incident photons out of a focused
laser beam with the focal length f , the beam diameter d, and the upper range of incident angles ∆ϑ determined by geometric optics. The signature (2 − u)ω is produced via the four-wave mixing process, 1ω + 1ω → (2 − u)ω + uω with 0 < u < 1 by mixing two-color waves with different frequencies 1ω and uω in advance at the incidence.
The proposed method can in principle distinguish whether the exchanged boson is scalar or pseudoscalar based on combinations of polarization states in the initial and final state photons [7] . Therefore, the method has impacts on searches for axion-like particles as well as the fifth force [11] . In this paper, however, we focus only on the case for the scalar field exchange, because the experimental setup is simpler. The aim of this paper is to demonstrate the pilot experiment to search for sub-eV scalar fields via the four-wave mixing process in the vacuum, in which basic elements necessary for the proposed experimental method and the data analysis are provided so that they can be extended to much higher-intensity systems operated at high repetition rates in the near future [12] .
II. COUPLING-MASS RELATION
In this section we summarize formulae necessary to obtain the coupling-mass relation from experimental parameters. The formulae are basically from Ref. [7] , however, we reevaluate the relations to apply to the realistic experimental conditions in the pilot search.
We thus provide the details of the corrections in Appendix A and B compared with those in Ref. [5, 7] .
The effective interaction Lagrangian between two photons and a hypothetical low-mass scalar field has the generic form expressed as
where M has the dimension of energy while g being a dimensionless constant.
In the case of the scalar field exchange, the possible linear polarization states in the fourwave mixing process when all wave vectors are on the same plane as illustrated in Fig.2 are expressed as follows:
ω{1} + ω{1} → (2 − u)ω{2} + uω{2}, where photon energies from the initial to the final state are denoted by the linear polarization states {1} and {2} which are orthogonal to each other. In this pilot experiment, we pursuit the second case of Eq.(2).
We then introduce notations to describe kinematics of four photons as illustrated in Fig.2 , where the incident angle ϑ is assumed to be symmetric around the z-axis in the average sense, because we focus lasers symmetrically by a lens element. We introduce an arbitrary number u with 0 < u < 1 to re-define momenta of the final state photons as
where we require 0 < ω 4 < ω 3 < 2ω. We consider to measure ω 3 with the specific polarization states as the signature of the interaction. With these definitions, energy-momentum conservation is expressed as [7] (2 − u)ω + uω = 2ω, (2 − u)ω cos θ 3 + uω cos θ 4 = 2ω cos ϑ,
Given a set of physical parameters of the scalar field exchange: mass m, coupling to two photons g/M, and the polarization dependent factor F S with a specified set of linear polarizations S as explained below, the yield is parameterized as
which is quoted from Eq.(57) in Appendix A, where the subscripts c and i denote creation and inducing lasers, respectively, λ wavelength, τ pulse duration, f a common focal length, d a common beam diameter, u and u upper and lower values on u determined by the spectrum width of ω 4 , respectively, C mb = 1/2 is the combinatorial factor originating from the consideration on multimode frequency states [7] , N the average numbers of photons in coherent states, W ∼ π/2 the numerical factor relevant to the integral of the weighted resonance function defined by Eq.(44) in Appendix A, and we partially apply natural units to parameters specified with [eV].
We have discussed the effect of the spectrum width in the case that the spectrum width of the creation laser is negligibly small compared to that of the inducing laser in Ref. [7] .
However, this is not always the case. For example, this pilot experiment is actually performed with the condition that both widths are nearly equal as we explain in the next section. We provide the treatment on the effective choice of u and u applicable to the most general case in Appendix B in detail.
In the case of S = 1122 as specified by the second of Eq.(2) applied to the scalar field exchange (SC), the polarization dependent factor is estimated as [7] F SC 1122 ∼ 2π
withR ≡ 1 2
(R + R −1 ) for a given u via R in Eq. (7). This factor originates from a degree of freedom on the azimuthal rotation of the plane including p 3 and p 4 around the z-axis in Fig.2 with respect to that defined by p 1 and p 2 . The other polarization combinations can also be calculated based on Appendix of Ref. [7] .
From Eq. (8) we express the coupling parameter g/M to discuss the sensitivity as a function of m for a given set of experimental parameters via the following equation
under the condition τ c ≤ τ i , because the pulse energy of the creation laser is more important to enhance the signal yield due to the quadratic dependence on the energy. Figure 3 shows the schematic view of the experimental setup. The setup consists of the wave mixing part (WM), the interaction vacuum chamber (IC), the intensity monitoring part (IM) and the single photon detection part (SPD).
III. EXPERIMENTAL SETUP TO DETECT FOUR-WAVE MIXING
WM combines a pulsed laser beam to create a resonance state with a continuous wave (CW) laser beam which induces the decay with specified linear polarization states. For the purpose of the calibration, a laser beam containing the signal energy (2 − u)ω is also combined. The wave mixing can be achieved by a set of dichroic mirrors.
The pulsed laser is the linearly polarized NanoLaser, a monolithic passively Q-switched microchip laser . The laser cavity consists of a 2mm 3 Nd:YAG gain medium bonded to a chromium doped YAG saturable absorber. The repetition rate depends on the diode pumping power: the higher the pumping power, the faster the absorber saturates at which the absorber becomes transparent. The measured repetition rate is 18.5 kHz. The cavity's mirrors are vapor deposited on the both sides of the crystal to form a monolithic oscillator pumped by a CW diode laser. The second harmonic wavelength 532nm is produced by converting the fundamental wavelength 1064nm. The pulse energy of the 532nm wave is typically 0.8µJ per 0.75 ns pulse duration with the transverse mode close to TEM00 at the ejection point of the laser.
The CW laser is the linearly polarized Helium-Neon laser at the wavelength 632.8 nm with the power 10mW at the ejection point of the laser and the transverse mode TEM00.
Relative line widths of these lasers with respect to their central frequencies are summa-rized in Tab.II, respectively. In addition, as we discuss in Appendix B about the relation on line widths between creation and inducing lasers which is relevant to u and u in Eq.(8),
we evaluate the effective line width in the averaged quasi-parallel frame based on Eq.(83) in Appendix B.
Given wavelengths for creation laser (λ c = 532 nm) and inducing laser (λ i = 633 nm) beams which result in u = λ c /λ i = 0.84, the corresponding wavelength of four-wave mixing is expected to be
Thus, in addition to the creation and inducing laser beams, a blue diode laser covering the 452 ± 10nm wavelength range is used to supply the calibration source to align the detection system and to obtain the detector efficiency with respect to the signal photon of (2 − u)ω.
The linear polarizers made of calcite with the extinction ratio of O(10 −4 ) specifies the incident linear polarization states of the creation and inducing laser fields as well as the calibration laser field, respectively. The linear polarization state {1} is determined by the polarizer (Pol{1}) for the creation laser, while the state {2} is set by the polarizer (Pol{2})
for the inducing laser which is adjusted so that the planes of the linear polarizations become orthogonal to each other. In front of the linear polarizers, λ/2-plates are placed and adjusted so that the transmittance of almost linearly polarized lasers at the output of the laser systems is maximized. In front of the ejection point of the creation pulse laser, we put a long pass filter to accept wavelength only above 510 nm to suppress wavelength close to the signal wavelength 459 nm in advance of the wave mixing with the optical density OD∼ 4 where OD is defined as OD≡ − log 10 (I/I 0 ) with output and input photon intensities I and I 0 , respectively.
After wave mixing with specified polarization states, the combined laser beams share the common optical axis, and they are guided into the interaction chamber (IC) maintained at For the scalar field search, we require the initial and final state photon energies with their linear polarization states as follows
where {1} and {2} specifies the orthogonal linear polarization states for photons in the creation beam and in the inducing beam, respectively. As a reference polarization combination, we also measure the following case simultaneously
which is not allowed when all wave vectors in Fig.2 are on the same plane. Due to a degree of freedom on the relative rotation angle between p 1 − p 2 and p 3 − p 4 planes around the zaxis, however, there is a finite probability to accept this polarization combination. In order to measure the both cases on the shot-by-shot basis, we introduced the polarization beam splitter (PBS) whose polarization directions are aligned to the incident laser polarizations {1} and {2} in advance, respectively (see the enlarged view of the SPD part in Fig.3 ). For the two polarization paths behind the PBS, two plastic optical fibers whose transmittance are independent of the incident linear polarization states are attached with different lengths by introducing a relative time delay 23.75 ns. These two optical fibers are attached to a common photomultiplier tube (PMT), which is a metal package PMT with the rise time 0.78 ns (R7400-01 manufactured by HAMAMATSU), through lenses so that we can count the number of photons in the two different time domains T {1} and T {2} separated by that time difference on the digitized wave form of the analog output from the common PMT. By using the fiber-coupled PMT, the degree of the linear polarization is measured by rotating the polarization plane of the pulsed creation laser with respect to that of the PBS. The readout of the analog signal from the photomultiplier is performed by 4-ch waveform digitizer (10-bit cPCI High-Speed Digitizers, Acqiris DC282 type U1065A provided by Agilent Technologies) without any electronics for amplification to avoid adding noise sources. The measured maximum rate of the readout by requiring simple online preselections is ∼ 10 kHz. The digitizer is similar to the digital oscilloscope, however, the readout speed is three orders of magnitude higher. Thus online selections based on an algorithm are applicable before waveforms are actually stored.
Trigger signals are created by discriminating pulse heights of analog signals on PD1 and the digitizer is synchronized with these trigger signals. By denoting the existence or absence of green (532 nm) and red (633nm) lasers as g and r orḡ andr, respectively, we can consider following four wave-mixing patterns: g +r,ḡ +r, g +r, andḡ +r representing cases including signal (S), dark currents or pedestal (P), residual of creation laser photons (C), and residual of inducing laser photons (I), respectively. The pedestal trigger is produced immediately after every 18.5 kHz green triggers by adding a constant delay at which the green laser pulse is physically absent.
We put a physical shutter on the CW red laser beam line repeating open and close every 2 sec. Monitoring the green and red laser amplitudes at individual triggers allows to identify the four patterns of wave-mixing S, P, C and I based on the offline analysis on the recorded digitized waveform. Waveforms are recorded with 500 sampling points during the 250 ns time window corresponding to 0.5 ns/division which is consistent with the time resolution on the leading edge of the used photomultiplier(PMT) for the single photon detection.
As the online level trigger, we required that at least one signal-like signature below -1.00 mV threshold after online pedestal subtraction is found in either T {1} or T {2} time domain within the two 15 ns windows (see green bands in Fig.5 and 7) , and only waveforms containing such a signature are recorded on the disk for the offline analysis.
The number of total triggers reached 2.5 × 10 9 during the pilot measurement over four days.
IV. OFFLINE DATA ANALYSIS
In order to test statistical significance of four-wave mixing signals, the quantities we discuss are N Si which are acceptance-uncorrected numbers of photons found in the time domains T {i} with the linear polarization states i = 1, 2 in the case of the signal pattern (S). For the following paragraphs, we abbreviate the symbols of the time domains with specified polarization states, unless confusion is expected.
First, the four patterns: signal (S), pedestal (P), residual of green laser photons (C) and residual of red laser photons (I) are identified by looking at amplitudes of photodiodes recorded in the waveform data, and the number of events of individual patterns: W S , W P , W C and W I , respectively, are counted. These numbers are used as the weights to evaluate the number of photons in the signal pattern by subtracting those in the other patterns.
Since there is no complete wave filters, we must expect non-zero numbers of residual photons in the three patterns except the pedestal pattern where the dominant background is the thermal noise from the photomultiplier. We, therefore, interpret the observed raw numbers of photons n in the four patterns specified with individual subscripts as
where we assume that the observed pedestal counts include thermal noises from the photodevice and ambient noises such as cosmic rays, hence, the pedestal counts should be commonly included in the other three patterns in the average sense. By considering the event weights of the four trigger patterns, we then deduce the true number of photons in the signal pattern as follows
We note that, exactly speaking, the physical meaning of n P is different from the number of photons, because the dominant pedestal charges are produced by thermal noises of the photodevice. As long as observed charges are expressed in units of single-photon equivalent charge, however, this treatment is justified.
The analysis steps to obtain observed raw numbers n ij with trigger patterns i = S, C, I, P and linear polarization states j = 1, 2 are as follows. Figure 5 shows a single shot example of the digitized waveform within a 50 ns time window. The two time domains within a 3.5 ns interval subtended by two solid vertical lines, respectively, are equally defined which are separated by the known time difference of 23.75 ns due to the different optical fiber lengths.
The shorter (earlier time domain) and longer (later time domain) fibers correspond to the linear polarization states {1} and {2}, respectively.
Photon-like signals or thermal noise signals are identified by the negative peak finding.
After finding a time bin with the largest amplitude in the negative direction, a global pedestal amplitude is determined by averaging over the 250 ns window excluding the peak region as
shown by the horizontal line in Fig.5 . We then find the falling edge and define the signal arrival time t 0 at the detector as the time bin at the half value of the peak amplitude after subtracting the pedestal value, which is indicated by the dotted vertical line. We require that a peak structure is identified by a pair of falling and rising edges around the peak position t p . By defining time intervals from the falling edge to the peak and the peak to the rising edge as ∆t f and ∆t r , respectively, the time window of a signal, t sig , is defined as in that time window is evaluated in units of single-photon equivalent charge −4.21×10 −14 C.
The single-photon equivalent charge from the used PMT operated at -800 V was evaluated with weak pulsed photon sources ranging from 0 to several tens photons as the average number of incident photons per pulse injection. Based on the Poissonian probability distribution for a given set of the pulsed photon sources, we can estimate the expected charge when a single photon is injected so that this charge is common to all the weak photon sources.
We then choose the waveforms satisfying the condition that at least one peak above number photons in units of single-photon equivalent charge in the four trigger patterns in the time domains T {1} and T {2}, respectively, with the number of analyzed events in trigger patterns i = S, C, I, P , respectively.
V. RESULTS
We take two steps to discuss the existence of signal photons from the four-wave mixing process. First, we investigate whether the acceptance-uncorrected N S1 and N S2 indicate deviations from zero beyond the inclusive errors in individual polarization paths. We then set upper limits on the coupling-mass relation, if there is no statistically significant number of four-wave mixing signals. Otherwise, we discuss the polarization dependence of the observed finite numbers of four-wave mixing signals.
The acceptance-uncorrected numbers of photon-like signals N S1 and N S2 with signal triggers(S) after subtraction between four patterns of triggers were obtained based on the relation in Eq. (15) as follows:
The statistical errors were calculated by taking propagation of statistical errors associated with the subtraction using the photon numbers in Tab.I into account. The systematic errors I associated with the subtraction between four trigger patterns were evaluated by focusing on the behavior of the numbers of photon-like signals in the time windows outside T {1} or T {2} domains, denoting by T {1}&T {2}, where only unpolarized background photon-like signals are expected 1 , hence, the difference between N S1 and N S2 should not appear and the deviation from zero gives the systematic uncertainty on the subtraction method. We randomly combined 14 independent time bins of 0.25ns interval among the T {1}&T {2} domain and count the number of photon-like signals within the same time window as that of T {1}, T {2} domains, i.e., 3.5ns = 0.25ns × 14. The root-mean square of such counts even- 1 The residual of pulsed creation laser beam is only found either in T {1} or T {2} domains, even though the polarization states can be distinguished by the two optical fiber paths. On the other hand, the residual of the CW inducing laser beam can be found in any time domains, however, the polarization states cannot be distinguished by the two optical fiber paths eventually, because photons even with one polarization state can produce signals in the two time domains equally as long as these incident timings are randomly distributed. Therefore, if T {1}&T {2} domain is chosen, no polarization dependence of the number of residual photon-like signals is expected after all, as long as the subtraction between four trigger patterns is ideally performed. Needless to say, thermal noises should not have the polarization dependence.
tually gives the systematic uncertainty on the baseline counts in T {1} and T {2} domains associated with the subtraction method. The systematic errors II originates from the ambiguity on the offline cut to define a peak to count the number of photon-like signals. These are estimated by changing the offline cut value from 0.5 to 2.0 photon equivalent charge.
The numbers in Eq. (16) indicate there is no significant four-wave mixing signal within one standard deviation in the both polarization states {1} and {2} 2 .
In order to evaluate the acceptance-corrected photon numbers N S1 and N S2 , we need to correct the bias due to the difference of detection efficiencies in the two optical fibers in Fig.3 for selecting {1} and {2} states, respectively. We thus parameterize the overall efficiencies, ǫ 1,2 for {1} and {2} states, respectively, as
where ǫ opt1,2 express optical collection efficiencies by the combination of the polarization beam splitter and optical fibers equipped with two lenses, and ǫ D is the pure detection efficiency of the photomultiplier not including the optical paths (see the enlarged SPD part in Fig.3 ). What we directly measure experimentally is a branching ratio between two paths containing exactly the same optical components and the detector as those used for the pilot measurement, which corresponds to the ratio of these two efficiencies
This quantity is determined by taking the ratio between the numbers of photons in T {1}
and T {2} at Θ = 90 deg. and Θ = 0 deg., respectively, in Fig.4 . With B the acceptanceuncorrected photon numbers are expressed as
2 The expected acceptance-uncorrected numbers of photons with {2}-state from atomic four-wave mixing processes are evaluated as ∼ 10 −22 and ∼ 10 −9 photons from the residual gas and optical elements for the same shot statistics as the present search, respectively, based on the supplementary measurements with higher intensity laser fields where four-wave mixing yields were evaluated as a function of residual gas pressures. We estimated these numbers of photons by scaling the results in the supplementary measurement down to the laser peak power of the two-color laser fields with the same optical elements and focusing geometry as the present search by taking differences of detector acceptances and shot statistics between the present search and the supplementary measurements into account.
where the second of Eq. (17) is substituted, and ǫ D is known by the other measurement in advance.
As the second step, we evaluate the upper limit on the coupling-mass relation, where we regard the acceptance-uncorrected uncertainty δN S2 in the polarization state {2} as the one standard deviation σ in the following Gaussian type of distribution with the mean value
where the estimator x corresponds to N S2 in our case, and the confidence level is given by 1 − α [14] . As the upper limit estimate, we apply 2α = 0.05 with δ = 2.24σ to give a confidence level of 95% in this analysis.
We then require that the expectation value of N S2 coincides with 2.24σ to obtain the upper limit at the 95% confidence level. In order to relate the upper limit on N S2 with the upper limit on the coupling-mass relation directly, we further need to deduce N S2 corresponding to the unbiased number of signal photons immediately after the focal point via the second of Eq.(19) Figure 8 shows the upper limit on the coupling-mass relation at the 95% confidence level which is calculated by requiring
in Eq.(10) with the experimental parameters summarized in Tab.I and II. The excluded domain by this pilot search based on four-wave mixing (FWM) in QPS is indicated by the slantly shaded area. As references, we put existing upper limits by the other types of scalar field searches by vertically shaded areas: the ALPS experiment [15] (the sine function part of the sensitivity curve is simplified by unity for the drawing purpose) which is one of the "Light Shinig through a Wall" (LSW) experiments, searching for non-Newtonian forces based on the torsion balance techniques (Etö-wash [16] , Stanford1 [17] , Stanford2 [18] ) and the Casimir force measurement (Lamoreaux [19] ). The domains below the vertically shaded areas are all excluded. We note that if we require the proper polarization combinations between initial and final states for pseudoscalar fields [7] , we are able to test the QCD axion models in the near future. As a reference, we show the expected mass-coupling relation based on the The excluded region by this pilot search based on four-wave mixing (FWM) in QPS is indicated by the slantly shaded area. The vertically shaded areas show the excluded regions by the other scalar field searches: the ALPS experiment [15] ( the sine function part of the sensitivity curve is simplified by unity for the drawing purpose) which is one of the "Light Shinig through a Wall" (LSW) experiments, searching for non-Newtonian forces based on the torsion balance techniques (Etö-wash [16] , Stanford1 [17] , Stanford2 [18] ) and the Casimir force measurement (Lamoreaux [19] ).
As a reference for the future pseudoscalar searches, we also put the expected mass-coupling relation based on the QCD axion scenario for E/N = 0 [20] (KSVZ model [21] ) indicated by the inclining dotted line. dotted line.
VI. CONCLUSION
We demonstrated the pilot search for scalar fields in the mass region m ≤ 0.46 eV via four-wave mixing of two-color laser fields. There is no significant four-wave mixing signals.
We obtained the upper limit on the coupling-mass relation at a confidence level of 95%, which approximately follows m −5/2 scaling with the highest sensitivity g/M = 92.6 GeV
at m = 0.46 eV. The concept of the experimental setup as well as the analysis procedure is extendable to higher intensity laser systems in the near future.
Appendix A: Re-evaluation of the signal yield
Given the formulae in Refs. [5] [6] [7] and the correction suggested by [22] , we re-evaluate the signal yield with a more direct formulation than that based on the concept of cross section.
The cross section is naturally applied to a beam flux normal to a target or the extension to head-on particle colliders where all beams are on the same axis. In QPS, however, this view point is not necessarily convenient due to the wide distribution of tilted incident fluxes. In such a case, we can adopt the more convenient formulation [23] , which is useful, for instance, to evaluate the number of interactions in plasma where the concept of a beam flux to a target is no longer clear. With the notations in Fig.2 and the Lorentz invariant phase space factor
the signal yield can be formulated as [23] 
where K corresponds to the relative velocity of incoming particle beams for a given ϑ based on the Møller's Lorentz invariant factor [25] . The relative velocity K is defined as [24] 
with the notation in Fig.2 . If ρ(ϑ) is a mere number, which is the normal case for collisions with two independent beams with a fixed relative velocity, this factorization is robust. In the case of the photon QPS, however, the concept of relative velocity between a pair of incident photons could be ambiguous due to spreads of single photon wavefunctions near the waist 3 , while the squared scattering amplitude itself has to be averaged over a possible range on ϑ due to that unavoidable uncertainty. In order to recourse to the concept of a cross section, however, we need to choose a proper relative velocity value to convert a squared scattering amplitude into a cross section. We then face difficulty in uniquely determining a K-factor with respect to the averaged squared scattering amplitude over a range of ϑ in QPS. The formulation in Eq. (24) without recourse to the concept of a cross section, on the other hand, ambiguity originating from choices of a proper K-factor is all avoidable. Therefore, we re-formulate the signal yield based on Eq.(24) as follows.
We first express the squared scattering amplitude for the case when a low-mass field is exchanged in the s-channel via a resonance state with the symbol to describe polarization combinations of initial and final states S.
where χ = ω 2 − ω 2 r with the resonance condition m = 2ω r sin ϑ r for a given mass m and a is expressed as
with the resonance decay rate of the low-mass field
3 Our attitude might be strongly biased by the Copenhagen interpretation. If pre-existing momenta in advance of measurement could be realized in nature, it might allow us to explicitly define relative velocity. The approach expressed in Eq. (24), however, can circumvent this vague point originating from the different interpretations on realism in quantum mechanics. 4 We note that if M ∼ M P lanck ∼ 10
18 GeV and g ∼ α qed ∼ 10 −2 , the decay rate for m ∼ 10
The resonance condition is satisfied when the center-of-mass system (CMS) energy between incident two photons E CM S = 2ω sin ϑ coincides with the given mass m. At a focused geometry of an incident laser beam, however, E CM S cannot be uniquely specified due to the momentum uncertainty of incident waves. Although the incident laser energy has the intrinsic uncertainty, the momentum uncertainty or the angular uncertainty between a pair of incident photons dominates that of the incident energy. Therefore, we consider the case where only angles of incidence ϑ between randomly chosen pairs of photons are uncertain within 0 < ϑ ≤ ∆ϑ for a given focusing parameter by fixing the incident energy. The treatment for the intrinsic energy uncertainty is explained in Appendix B later. We fix the laser energy ω at the optical wavelength
while the resonance condition depends on the incident angle uncertainty. This gives the expression for χ as a function of ϑ
where
We thus introduce the averaging process for the squared amplitude |M S | 2 over the possible uncertainty on incident angles
where M S specified with a set of physical parameters m and gM −1 is expressed as a function of ϑ, and ρ(ϑ) is the probability distribution function as a function of the uncertainty on ϑ within an incident pulse.
We review the expression for the electric field of the Gaussian laser propagating along the z-direction in spatial coordinates (x, y, z) [9] as follows:
E(x, y, z) = E 0 becomes ∼ 10 −41 Hz, hence, the lifetime is quite long. Therefore, we need to stimulate the decay at the same time as the production by supplying an inducing laser field in advance of the interaction, that is, we treat the interaction as an instantaneous scattering process where the production and the decay cannot be distinguished in spacetime.
where E 0 electric field amplitude, k = 2π/λ, r = √ x 2 + y 2 , w 0 is the minimum waist, which cannot be smaller than λ due to the diffraction limit, and other definitions are as follows:
With θ being an incident angle of a single photon in the Gaussian beam, the angular distribution g(θ) can be approximated as
where the incident angle uncertainty in the Gaussian beam ∆θ is introduced within the physical range |θ| < π/2 as
with the wavelength of the creation laser λ c , the beam diameter d, the focal length f , and the beam waist
as illustrated in Fig.1 . For a pair of photons 1, 2 each of which follows g(θ), the incident angle between them is defined as
With the variance ∆ϑ 2 = 2(
∆θ 2 ), the pair angular distribution ρ(ϑ) is then approximated as
where the coefficient 2 of the amplitude is caused by limiting ϑ to the range 0 < ϑ < π/2, and ϑ ∆θ limit by the focusing lens based on geometric optics. This distribution is consistent with the flat top distribution applied to Ref. [6, 7] except the coefficient.
We now re-express the average of the squared scattering amplitude as a function of χ ≡ aξ in units of the width of the Breit-Wigner(BW) distribution a by substituting Eq. (27) and (42) into Eq.(33) with Eq.(32)
where we introduce the following constant
with
In Eq. (44) 44) is large for ϑ r /∆ϑ < 1 by the a −1 dependence. In Ref. [7] , we thus approximate W as π/2 for the conservative estimate.
Let us remind of the partially integrated cross section over the solid angle of the signal photon ω 3 which corresponds to Eq.(11) in Ref. [7] . The expression before taking the average over ϑ, hence as a function of ϑ, is as follows
We then convert the interaction cross section σ(ϑ) into the interaction volume per unit time Σ(ϑ) by simply multiplying the relative velocity K(ϑ) = 2c sin 2 ϑ
where the creation laser wavelength λ c , δu ≡ u − u with approximations u 2 ≪ 1 and ϑ ≪ 1, and c andh are restored to confirm the dimension explicitly. The averaged value over ϑ is then expressed as
where Eq.(43) and a in Eq.(28) are substituted in the second and third lines, respectively, and ω r ≡ ω opt via Eq. (30) is identified for the last line.
We now consider the time-integrated density factor D in Eq.(24) applicable to free propagation of the Gaussian laser beam for creation as illustrated in Fig.1 . We first parameterize the density profile of an incident Gaussian laser beam being the focal point at z = 0 with the pulse duration time τ c propagating over the focal length f along z-axis as [26] 
where the central position of the creation pulse in z coordinate is traced by the relation z = ct as a function of time t while the pulse duration along z-direction is expressed with the local coordinate z ′ , hence, z ′ = z − ct, and N c is the average number of creation photons per pulse. Using the squared expression
based on Eq. (24), D c is then expressed as
where the time integration is performed during the pulse propagation from z = −f to z = 0, because the photon-photon scattering never take place when two photons in a pair are apart from each other at z > 0.
We now evaluate the effect of the inducing laser beam. The inducing effect is expected only when p 4 as a result of scattering coincides with a photon momentum included in the coherent state of the inducing beam. In order to characterize p 4 from the interaction, we first summarize the kinematic relations specified in Fig.2 . Although the CMS-energy varies depending on the incident angle ϑ, the interaction rate is dominated at the CMS-energy satisfying the resonance condition E CM S = m = 2ω sin ϑ r via the Breit-Wigner weighting.
Therefore, p 4 is essentially expressed with the condition ϑ = ϑ r in Eq. (7). With ϑ r ≪ 1, we obtain following relations
These relations imply that the spontaneous interaction causes ring-like patterns of emitted photons with cone angles θ 3 and θ 4 commonly constrained by ϑ r , because the way to take a reaction plane determined by p 1,2,3,4 is symmetric around the z-axis.
We then evaluate how much fraction of photon momenta in the inducing beam overlaps with the p 4 , in other words, the acceptance factor applied to the ideal Gaussian laser beam, which was discussed within the plane wave approximation in [7] . In the beam waist at z = 0, the angular spectrum representation gives the following electric field distribution as a function of wave vector components k x and k y on the transverse plane z = 0 based on Fourier transform of E(x, y, z = 0) [27] 
where the transverse wave vector component k
T /2k, we can derive exactly the same expression for E(x, y, z) in Eq.(34) starting from this representation [27] . We apply Eq.(53) to the inducing beam represented by the subscript 4 with k T 4 ≡ k 4 sin θ 4 ∼ k 4 R −1/2 ϑ r using the first in Eq. (52) and
. For a range from k T 4 to k T 4 by denoting the underline and overline as the lower and upper values on the corresponding variables, the acceptance factor A i is estimated as
where the approximation in the first line is based on . We note that Eq.(54) now has the quadratic dependence on ϑ r while the corresponding acceptance factor in [7] was proportional to ϑ r due to the plane wave approximation.
Because of the common optical element sharing the same optical axis, in advance, the spatial overlap between creation and inducing lasers is satisfied in QPS. In actual experiments, however, it is likely that the time durations between the two laser pulses are prepared as τ i ≥ τ c for inducing i and creation c beams, respectively, because shortness of τ c is more important to enhances D c via the quadratic nature on the pulse energy. Therefore, we further introduce a factor representing the spacetime overlap by assuming the pulse peaks in spacetime coincide with each other. Hence, the entire inducing effect is expressed as
Therefore, the overall density factor D c+i including the inducing laser effect is expressed as
where C mb = 1/2 corresponds to the combinatorial factor originating from the choice of a frequency among the frequency multimode states in creation and inducing lasers as discussed in Ref. [7] .
Based on Eq. (24) with Eqs. (48) and (56), the re-evaluated signal yield Y is finally expressed as
where the parameters specified with [eV] apply natural units. We note that the re-evaluated signal yield depends on m 5 compared to the m 2 dependence in Ref. [7] . The additional m When creation and inducing lasers have finite spectrum widths, the effect has impacts on the interaction rate of four-wave mixing as well as the spectrum width of the signal via energy-momentum conservation within the unavoidable uncertainty of photon momenta and energies in QPS. We have considered the effect of the finite line width of the inducing laser field by assuming the line width of the creation laser is negligibly small [7] . In such a case, the energy uncertainties in the process of four-wave mixing with the convention used in Fig.2 are described as ω = ω , ω 4 = ω 4 ± δω 4 , and ω 3 = ω 3 ± δω 3
for the creation laser, the inducing laser, and the signal, respectively, where ·· denotes average of each spectrum, δω 4 expresses the intrinsic line width caused by the energy uncertainty in the atomic process to produce the inducing laser beam, and δω 3 = δω 4 arises due to the energy conservation [7] .
In this case u and u in Eq.(57) via Eq.(3) solely originates from the intrinsic line width of the inducing laser field. However, this approximation is not valid for the case where the line width of the creation laser is equal to or wider than that of the inducing laser. We now provide the prescription for the following general case:
where the intrinsic line width of the creation laser δω is explicitly included. In this case, at a glance, Eq.(6) must be modified so that a finite net transverse momentum along the x-axis in Fig.2 is introduced by the different incident photon energies ω 1 and ω 2 with corresponding incident angles ϑ 1 and ϑ 2 , respectively. These notations are for a nominal laboratory frame defined by a pair of asymmetric incident photons, referred to as L-system. Here nominal implies that we cannot specify individual photon's incident wavelength as well as incident angle physically, that is, what we know a priori is only the ranges of uncertainties on possible wavelengths and incident angles. Exactly speaking, all the calculations so far are based on the equal incident energy ω with the equal incident angle ϑ in the averaged laboratory frame, referred to as L -system as illustrated in Fig.2 , where the transverse momentum of the incident colliding system is zero on the average. We regard the effect of these nominally possible L-systems as fluctuations around the averaged L -system We, therefore, attempt to transform L-systems into a L -system so that δω is effectively invisible as follows
where δω in Eq.(59) is absorbed into the effective line widths of the final state photon energies in the L -system resulting in ∆ω 4 > δω 4 denoting ∆ as the effective width in the L -system and accordingly ∆ω 3 > δω 3 arises via energy-momentum conservation in that system.
As long as a resonance state with a finite mass is formed, a range 0 < ϑ ≤ ∆ϑ in Fig.1 eventually contains the resonance angle ϑ r which satisfies the condition that the center-ofmass system energy E CM S = 2 ω sin ϑ r coincides with the mass m in the L -system, and any nominal L-systems which satisfy the resonance condition can be generally formed by a transverse Lorentz boost of the L -system with the relative velocity β with respect to the velocity of light c. Assigning the positive direction of β to the positive direction of x-axis in Fig.2 , the energy and the transverse momentum relations between a L-system and the L -system are connected via [13] 
where a relative line width with respect to the mean energy of the creation laser δr ≡ δω/ ω is implemented. We note the following physical and experimental conditions: 0 < β < 1 and 0 < δr ≪ 1,
respectively. For convenience, we tentatively distinguish β for ω 1,2 by the subscripts in the following discussion.
As for ω 1 , from the first of Eq.(62) with δr ≪ 1, we obtain the following equation
with the solutions by assuming ϑ ≪ 1
Requiring
If this is satisfied,
The double-sign symbol in Eq.(65) gives following two solutions:
where only β 1− is physically acceptable, while β 1+ is not, because the limit of δr → 0 must correspond to β = 0 in our discussion.
Let us move on to discuss ω 2 . From the second of Eq.(62) with δr ≪ 1, we get
The approximation
The double-sign symbol in Eq.(71) gives following two solutions:
where only β 2+ is physically acceptable, while β 2− is not due to the same reason as ω 1 in addition to the positivity condition. 
Among ϑ within ∆ϑ, ϑ r is effectively enhanced based on the Breit-Wigner distribution in the averaging process of the square of the invariant scattering amplitude around E CM S = 2 sin ϑ r ω [6] . Therefore, for a given mass m ∼ 2 ω ϑ r with ϑ r ≪ 1, the effective physical limit on β is expressed as
On the other hand, an instrumental full line width of a creation laser ∆r ≡ δω f ull / ω is given by the creation laser intrinsically. Therefore, the range of β can be maximally covered by 0 < β < β c ≡ ∆r ϑ
based on the relation in Eq.(75). If β c is smaller than β r , however, the instrumental condition limits β to β ≤ β c before reaching the physical limit β r for a given mass parameter.
Therefore, we are required to choose smaller β, either β c or β r , depending on the relation between an experimentally given line width of the creation laser and a given mass parameter we search for. We then discuss the inclusive range of u by combining the broadened ω 4 in the L -system with the intrinsic line width of the inducing laser. We introduce a notation reflecting the combining process in the L -system
where l c ≡ 1 ± δu c /u with δu c ≡ (u c − u c )/2 being the average value l c = 1, is a coefficient describing the uncertainty by the inverse transverse boost discussed above. Since the intrinsic energy uncertainties of creation and inducing laser beams are independent, the quadratic error propagation gives the following inclusive uncertainty on ω 4 in the L -system
Finally this gives the inclusive uncertainty on u
and the upper and lower limits on u, which replace the limits in Eq.(10) with u ≡ u + δu inc and u ≡ u − δu inc ,
respectively, are obtained.
As a summary based on Eq.(79), the effect of the line width of the creation laser is less significant compared to that of the inducing laser for a smaller mass range, while it has some impact for a larger mass range, as long as the line width is comparable to or larger than that of the inducing laser.
5 Note that the degree of freedom to flip p 3 and p 4 around the z-axis by keeping the angular balance in 
